The Braess paradox encountered in classical networks is a counterintuitive phenomenon when the flow in a road network can be impeded by adding a new road or, more generally, the overall net performance can degrade after addition of an extra available choice. In this work, we discuss the possibility of a similar effect in a phase-coherent quantum transport and demonstrate it by example of a simple Y-shaped metallic fork. To reveal the Braess-like partial suppression of the charge flow in such device, it is proposed to transfer two outgoing arms into a superconducting state. We show that the differential conductance-vs-voltage spectrum of the hybrid fork structure varies considerably when the extra link between the two superconducting leads is added and it can serve as an indicator of quantum correlations which manifest themselves in the quantum Braess paradox.
Introduction
In 1968, Dietrich Braess published a paper 1 where he showed that the flow in a road network can degrade after addition of a new transport channel. The counterintuitive phenomenon appears when each driver is making the optimal decision about which route is quickest. Braess showed that the attempt to minimize own travel time while ignoring the effect of this decision on other travelers can leave all users worse off than before the new link was introduced. The classical network configuration used to illustrate the Braess paradox consists of start (A) and end (B) nodes with two roads, left (ALB) and right (ARB) connecting them, Fig. 1a . When the two ways are identical, a half of drivers prefer to go along the ALB path whereas others select ARB path, in this case the needed time coincides and is, say, τ 1 . Now we assume that two segments AL and LB of the ALB road as well as AR and RB parts of the ARB road are not identical and an extremely fast LR road connecting ALB and ARB paths (a dashed line) is built, Fig. 1b . Braess showed 1 that under some conditions the drivers, most probably, are choosing the same ARLB route with the time spent along it τ 2 > τ 1 (later it was shown that whether the Braess paradox does or does not occur depends on the problem parameters, i.e., the effect reveals itself within a certain range of the road characteristics).
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This conclusion is considered unexpected since the addition of an extra resource to a network, and therefore an extra available choice, reduces (but not enhances as one might think) the overall performance. In a broader perspective, the explanation of this paradox consists in the fact that the introduction of a new capacity enriches the complexity of the problem. As was shown in Refs. 3 and 4, the dynamics which considers only binary choices is usually so strongly modified after introducing a ternary choice that the final situation cannot be considered as a "binary choice plus one" but is much more complicated.
The Braess paradox has attracted attention of researchers from different scientific fields, from computer sciences to economics, see Ref. 5 and related references in Ref. 4 . There are some macroscopic analogs of this effect in electrical, mechanical, and thermal nets. 6, 7 The authors of Ref. 8 drew attention to the possibility of realizing a mesoscopic analog of the Braess phenomenon in a semiconductor two-path network with spatial dimensions less than the coherence length which in their devices was of the order of several microns at low temperatures. The question they addressed in the conclusions was whether the phenomenon predicted in Ref. 1 can manifest itself in other coherent systems where transport is governed by quantum mechanics. But, as was emphasized in the paper, 9 before declaring a quantum origin of a phenomenon one must reveal the fundamental reasons behind the transmission reduction phenomena and to show that they are indeed of the quantum origin. The authors of Ref. 9 studied wave packet propagation through a circular quantum ring attached to input and output leads in the presence of an extra channel passing diametrically through the ring and certified that the transport inefficiency in such system originates from the quantum scattering of the wave packet in the input channel-ring junction and the quantum interference between parts of the wave packets that passed through the central channel and those that propagated through the ring arms.
In our work, we propose a novel quantum analog of the Braess paradox with nonclassical correlations. It is strongly reminiscent of the road network in the original paper 1 and can be realized in a simple Y-shaped conguration with a normal-metal (N) incoming electrode (an emitter) and two superconducting (S) outgoing leads connected to a collector, see Fig. 1c .
Three-arm beam splitter
The quantum transport in the proposed device includes specific type of a chargetransfer process at highly-transparent N/S interfaces by which a normal current in the N side is converted into a supercurrent in the S electrode, avoiding the forbidden single-particle transmission within the superconducting energy gap ∆ (see Ref. 10 and references therein). To realize it, an incident from the N-side electron (e) with an energy E around the Fermi energy E F creates a Cooper pair in the superconductor with a second electron of the opposite spin which leaves a retroreflected hole (h) after that. 10 The probability of such event is unity for |ǫ| < ∆ and rapidly goes to zero when |ǫ| ≥ ∆, where ǫ = E − E F . Reflection coefficients can be calculated from the boundary conditions for electron and hole wave functions from two sides of the interface. In this case, each Andreev quasielectron-into-quasihole transformation (and inverse) within the energy gap contributes an additional phase shift χ eh(he) (ǫ) = − arccos(ǫ/∆). 10 As we show below, just the strong dependence on the energy permits to reveal the details of the charge transport across a hybrid system.
To make our calculations more comprehensible and as close as possible to the classical model by Braess shown in Figs. 1a and 1b we introduce two additional AR and AL normal paths the lengths of which are assumed to be negligibly small, see Fig. 1d . Now we have a pure normal three-arm part of the network formed by an ingoing electrode 1 and two AL and AR paths which are separated by a distance d. If d strongly exceeds the electron decoherence length L ϕ , the charge flow from the electrode 1 to two others is a trivial sum of currents in two independent channels (we name it a classical case although in our case the transport in each channel is of quantum nature). When d < L ϕ , all three electron waves are entangled and a new quantum aspect of the problem emerges. The appearance of a quantum bond between the AL and AR paths is shown schematically by a dashed line in Fig. 1e and now the system looks like a classical one shown in Fig. 1b . As we argue below, the availability of this additional quantum link strongly modifies the transport characteristics of the device and generates reduction of the electron flux through the system which we name a quantum Braess paradox.
Let us start with the discussion of a node with three converging normal 1, 2, and 3 leads and d < L ϕ (Fig. 1e ) in perfect contact with each other and calculate the current flowing from an electrode 1 to the wires 2 and 3 which are grounded. We approximate the spectrum of electrons by parabolic bands, limit ourselves to a one-dimensional case and are dealing with wave functions carrying unit flux. In a non-superconducting metallic wire, the wave function of a quasiparticle excitation reads as
, where i= 1,2,3; m is the electron mass; k i = 2m(E Fi ± ǫ)/ 2 is its wave vector in the i-th wire, ǫ is the quasiparticle energy measured with respect to the Fermi energy, the sign ± corresponds to electron and hole excitations, respectively. Next, we require the continuity of the wave functions and the conservation of the probability flux
Dividing both sides of the latter expression by the constant value |ψ 0 | 2 that, of course, should be non-zero we obtain that
Thus, for an ideal contact of the three wires without any backscattering at the convergence point we get
= 0 and the probability amplitudes for the lead 1 read as
The quantum contacts discussed below are a simple example of flow networks for which the well-known maximum-flow minimum-cut theorem is valid. It states that finding a maximal network flow is equivalent to finding a cut of minimum capacity that separates the source and the sink. In our case, it means that the maximal probability to transfer the system should be calculated for a transverse section of an incoming lead. It follows from Eq. (2) that the probability of an electron to leave the wire 1 equals to 1 − r
2 . Imagine that the quantum link between the wires 2 and 3 is destroyed (Fig. 1d) , then we have two independent channels with a total probability:
There is a wide range of parameters when the latter value exceeds the previous one. For example, without any quantum link between the wires, Fig. 1d , the probability D of an incoming electron to appear in the two outgoing leads equals to unity for k 1 = k 2 = k 3 , while according to Eq. (2) D is about 0.9 in the contrary case, Fig.  1e . It is just a manifestation of the quantum Braess paradox when the introduction of a new transport channel leads to the reduction of the charge flow through the total system. Now we shall return to the node shown in Fig. 1e and assume the presence of backscattering events at the convergence point x = 0. If so, then from Eq. (1) it follows that
with K, a real constant characterizing coupling of the wave functions at x = 0. Its origin can be simply explained for an N-I-N junction (I is an ultra-thin insulating interlayer which permits quantum-mechanical tunneling between the N terminals).
In the latter case, the same relation with K ≡ 2mH/ 2 arises for a δ-functional potential V (x) = Hδ(x) located at the I interface.
11 If the number of wires connecting at one point is greater than two, the parameter K is not so easily interpretable and it may be described as an "effective potential barrier" at x = 0. Then the related scattering amplitudes for normal leads (2) should be replaced by
Together with other six amplitudes they form a scattering matrix Our next aim is to propose a realistic experiment able to reveal partial suppression of the charge flow in the Y-shaped beam splitter after a quantum link between leads 2 and 3 is added. Below we argue that the difference between the two alternatives shown in Figs. 1d and 1e can be clearly identified by measuring the differential conductance spectrum of a normal metal-superconductor (or superconductors) device, i.e., the first derivative of the current I with respect to the voltage V G(V ) = dI(V )/dV .
Next we keep the basic notations for the transport problem similar to those used for solving it in the case of conventional NIS junctions 12, 13 and introduce the following matrices: 
R eh(he) (ǫ) is an Andreev-scattering matrix obtained within the usual step-function approximation for a superconducting order parameter when self-consistency of its spatial variation is ignored (this approximation is valid for a conventional s-wave pairing). Similar to the approach described in Refs. 12 and 13, probability amplitudes can be found by summarizing all possible charge paths including Andreev transformations. For example, the probability amplitude for the retroreflected hole at the N-side of the normal metal-superconductor interface equals to
compare with Eq. (3) in Ref. 13 . In our discussion for a hybrid superconducting device, we start again with the simplest situation of identical wavenumbers k 1 = k 2 = k 3 = k 0 and two identical superconductors S 2 and S 3 with the energy gap ∆ when, as was shown above, the Braess paradox is revealed itself. For a classical case t 12 = t 13 = 1, r 23 = 0 and we get a step-like behavior with a pronounced feature at V = ∆/ǫ, well known for a standard NS point-contact, 11 see Fig. 2a . In the quantum limit the three channels are identical and the charges may go from the second to the third wire with the same probability amplitude as from the first electrode to them t 12 = t 13 = t 23 = 2/3. It results in finite reflection probability amplitudes r 12 = r 13 = r 23 = −1/3 and, as a result, the G(V ) characteristic resembles that of a tunnel N-I-S junction with a low-height I barrier, 11 see Fig. 2a . It is just a visual manifestation of a partial charge flow inhibition according to the quantum Braess paradox. When K = 0 we observe a well pronounced peak at V = ∆/e in both limits and the difference between them is more quantitative (Fig. 2a) . Fig. 2b shows the difference between the two limits for identical wave vectors but different energy gaps ∆ 2 and ∆ 3 in the two superconducting leads. When the two S branches are isolated each from other, t 12 = t 13 = 1 and r 23 = 0, we get a well-known result 14 for G(V ), Fig. 2b , that depends on the height of the potential barrier between N and S 2,3 electrodes. There should be two steps in the G(V ) curve at V = ∆ 2 /e and V = ∆ 2 /e when the barrier is absent (a point-like contact) and two peaks at the same voltage biases for strong scattering at the N/S 2,3 interfaces (a tunneling limit), Fig. 2b , dashed curves.
14 These results are modified by introducing a coherent quantum link between the two S leads, Fig.  2b , solid curves and the difference between the classical and quantum limits can be easily detectable experimentally. As in Fig. 2a , the main changes occur for a point contact when K = 0, whereas tunneling results shown in Fig. 2b exhibit no qualitative deviations. When t 23 = 0, the probability amplitude t 12 < 1 and at voltages V < ∆ 2 /e we again have a high-transparent tunneling-like junction for which the standard BTK theory 11 predicts a zero-bias conductance slightly above unity and a low-height peak at the gap value V = ∆ 2 /e. The latter feature is not well pronounced since the related Andreev bound state is not formed inside the second channel due to the charge penetration into the third one. At V > ∆ 2 /e new processes arise. Andreev scattering in the second wire is quickly suppressed down 11 and the contribution of the second channel into the total current strongly decreases. At the same time, another process diminishing the Andreev-scattering effect in the third channel starts to manifest itself, namely, only a part of holes reflected back is going to the first channel while another part goes to the second channel and disappears leaving it at V > ∆ 2 /e. At these bias voltages, new quasiparticle roundtrips are emerging, for example, electron-into-hole scattering in the third channel followed by the hole-into-electron transformation in the second channel and electron transferring back to the third one.
The asymmetry in the normal-state characteristics of the two S channels strongly modifies the shape of the G(V ) characteristic. In Fig. 3a Fig. 2b is changed for k 2 = k 3 . It can be seen that the wavenumber mismatch growth increases backscattering amplitudes r 21 or r 31 , 15 enhances the amplitude of an Andreev bound state formed at the N/S interface 16 and, as a result, enlarges the peak at V 2 = ∆ 2 /e or V 3 = ∆ 3 /e, respectively, see Fig. 3a . 3b shows that some results for a three-arm device can be unexpectable due to an accident coincidence of values. For example, for wavenumbers k 1 = 2k 2 = 2k 3 the reflection amplitude and the conductance spectrum below ∆ 2 /e looks like that for a classical case shown by a dashed curve in Fig. 2b , whereas further increase in k 1 with respect to k 2 and k 3 leads, as it should be, to tunneling-like curves, see the G(V ) characteristic for wavenumbers k 1 = 3k 2 = 3k 3 in Fig. 3b .
Resuming, we have shown that phase-coherent quantum transport across a Yshaped metallic junction reveals the main manifestations of the Braess paradox, namely, reduction of the complex network transparency after addition of a new link between two outgoing leads. It follows that the backscattering in the threearm structure takes place even without any scattering at the node and for identical leads. As a result, in a quantum situation the current through the system can be significantly modified comparing to the classical case of d > L ϕ , when the total transmission probability is a sum of partial contributions. To reveal this effect experimentally in a normal-state fork is a difficult task and we have proposed an experiment with two superconducting wires as the outgoing channels. It was shown that in this case the shape of the differential conductance-versus-voltage curves is visually modified when D decreases due to the introduction of a new quantum bond and it can be considered as a manifestation of a Braess-like paradox, originating precisely from quantum effects.
It is evident that our discussion concerning a Y-shaped structure characterized
